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Abstract Estimating sample averages and sample vari-
ability is important in analyzing neural spike trains data
in computational neuroscience. Current approaches
have focused on advancing the use of parametric or
semiparametric probability models of the underlying
stochastic process, where the probabilistic distribution
is characterized at each time point with basic statistics
such as mean and variance. To directly capture and ana-
lyze the average and variability in the observation space
of the spike trains, we focus on a data-driven approach
where statistics are defined and computed in a function
space in which the spike trains are viewed as individual
points. Based on the definition of a “Euclidean” metric,
a recent paper introduced the notion of the mean of
a set of spike trains and developed an efficient algo-
rithm to compute it under some restrictive conditions.
Here we extend this study by: (1) developing a novel
algorithm for mean computation that is quite general,
and (2) introducing a notion of covariance of a set of
spike trains. Specifically, we estimate the covariance
matrix using the geometry of the warping functions that
map the mean spike train to each of the spike trains
in the dataset. Results from simulations as well as a
neural recording in primate motor cortex indicate that
the proposed mean and covariance successfully capture
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the observed variability in spike trains. In addition, a
“Gaussian-type” probability model (defined using the
estimated mean and covariance) reasonably character-
izes the distribution of the spike trains and achieves a
desirable performance in the classification of the spike
trains.
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1 Introduction

Statistical modeling and inference in spike train
data has been one of the central problems in com-
putational neuroscience (Rieke et al. 1997; Dayan and
Abbott 2001). Classical mathematical frameworks have
largely been based on parametric or semiparametric
probability models, such as Poisson processes or other
point processes (Tukey 1977; Box et al. 1978; Kass and
Ventura 2001). These methods are now widely used
for reaching scientific conclusions from experimental
results (Brown et al. 2002; Kass et al. 2005). However,
these methods only focus on parametric representa-
tions at each given time and therefore can prove limited
in situations where model assumptions are not met.
An alternative is to use a data-driven approach where
one views each observed spike train as a single point
in an infinite-dimensional function space, in a non-
parametric way, and generate summary statistics using
the geometry of that space. Specifically, we may be
interested in measuring the central tendency (or mean)
of the sample and the associated variability around the
mean. The computations of these summaries then rely
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solely on the choice of metric used in the spike-train
space, and avoid any model assumptions.

In a recent paper (Wu and Srivastava 2011), we
have proposed a principled, data-driven framework to
address this issue where we propose metric-based sum-
mary statistics in the function space occupied by spike
trains. We have introduced a parametrized family of
metrics (see Eq. (1)) that explicitly takes into account
the time warpings needed to align spikes. These new
metrics are essentially penalized Lp norms, involving
appropriate functions of spike trains, with penalties
associated with time warping for matching. The notion
of means of spike trains was then defined based on
the new metrics when p = 2 (corresponding to the
“Euclidean distance”). This “Euclidean” property
turns out to be very important to compute the summary
statistics (e.g. mean and variance) in the spike train
space. We emphasize that the mean spike train, in
principle, can be defined for any of the previous spike
train distances. For example, the metrics for discrete
state, discrete time models (Lim and Capranica 1994;
MacLeod et al. 1998; Rieke et al. 1997), the metrics
for discrete state, continuous time models (Victor and
Purpura 1996, 1997; Aronov et al. 2003; Aronov 2003;
Aronov and Victor 2004; Victor et al. 2007; Dubbs
et al. 2010), the metrics for continuous state, contin-
uous time models (van Rossum 2001; Houghton and
Sen 2008; Houghton 2009), and a number of others
(Schreiber et al. 2003; Kreuz et al. 2007; Quiroga et al.
2002; Hunter and Milton 2003; Paiva et al. 2009a, b).
However, these authors have seldom sought summary
statistics or ensuing statistical models under these met-
rics. In fact, these distances may not always provide
interesting intuition or tractable solutions for estab-
lishing summaries of spike trains. Since our distances
can be viewed as penalized Lp metrics, albeit not on
the smoothed spike trains but some functions derived
from them, the average value corresponds to more con-
ventional statistics, such as the Euclidean mean. Based
on the closed-form results for optimal time warping
(Theorems 1 and 2 in Wu and Srivastava 2011), we are
now able to derive an efficient and theoretically-proven
convergent algorithm for computing mean of a set of
spike trains with arbitrary numbers of spikes.

Our investigation is motivated in part by the recent
progress in computational information geometry and
shape analysis (Kass and Vos 1997; Klassen et al. 2004;
Michor and Mumford 2007; Younes et al. 2008). The
new metric framework that we proposed incorporates
time warping between spike trains that can be used
to estimate summary statistics in the spike train func-
tion space. Once the summary statistics are obtained,
we have a more ambitious goal to develop various

classical statistical inferences such as hypothesis tests,
confidence intervals, functional PCA, and regressions,
in the function space such as those presented in Ramsay
and Silverman (2005) and Valderrama (2007). This new
set of tools are expected to provide an alternative
pathway to the classical methods for spike train analysis
such as firing rate models and temporal models (Rieke
et al. 1997; Kass et al. 2005). However, this paper
only represents a preliminary stage in this research
and solves two outstanding problems for summarizing
observed spike trains: (1) The current estimation of
mean spike train is based on a strong assumption that
the penalty coefficient λ (see Eq. (1)) is sufficiently
small. This assumption limits the applicability of the
estimate in practice. (2) So far we have only investi-
gated the mean spike train (first order-statistic) and a
scalar measure of total variance that lacks the detailed
co-variability over the time domain. In order to de-
velop a “Gaussian-type” probability model on the spike
train space, a second-order statistic, namely covariance,
would be needed. Once a model is developed, one
can simulate the spiking process as well as conduct
statistical inferences on the data.

In this paper, we extend our investigation on sta-
tistical inference in the spike train space and make
the following contributions: (1) Based on the cho-
sen spike train metric (see Eq. (1)), we prove that
there exists an optimal time warping between two
spike trains and it has a continuous, piecewise-linear
form. This proof validates the dynamic programming
algorithm that is used for estimating the metric (Wu
and Srivastava 2011); (2) We propose an efficient al-
gorithm, call Matching-Centering-Pruning (MCP) algo-
rithm, to compute the mean spike train of a set of spike
trains with arbitrary number spikes for any penalty
coefficient λ > 0. We demonstrate that the MCP al-
gorithm converges (i.e. the sum of squared distances
decreases in the process). This algorithm actually gen-
eralizes the Matching-Minimization algorithm in Wu
and Srivastava (2011); (3) Based on the optimal time
warpings from the mean spike train, we propose a
framework to estimate covariance of the set of spike
trains. This estimation adopts the standard theory of
covariance estimation to the manifold of interest here;
(4) We further propose a classical Gaussian model
using the estimated mean and covariance, and perform
likelihood-based classification on a simulation as well
as a real recording from primate motor cortex.

The rest of this manuscript is organized as follows.
Section 2 provides a detailed theory and methods for
estimating mean spike train of a set of trains for any
λ > 0. We also introduce a warping-based covariance
estimation for the set of spike trains. Each mean and
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covariance estimation is illustrated by one simulation
example. Section 3 examines the performance of the
summary statistics in a real experimental recording
from motor cortex in a monkey subject. Section 4 dis-
cusses related studies and presents future work. The
appendix provides the mathematical details of the ex-
istence of optimal time warping and proof of the con-
vergence of the MCP algorithm for mean spike trains.

2 Theory and methods

2.1 Metrics between spike trains

In Wu and Srivastava (2011), we have defined a new
family of metrics to compare any two spike trains. The
metrics correspond to the classical Lp norm for 1 ≤
p < ∞, albeit with a slight change in representations.
In particular, when p = 2, the metric corresponds to the
standard L2 Euclidean distance. Here we briefly review
the definition and algorithm for the metrics.

2.1.1 Def inition review

Assume S(t) is a spike train with spike times 0 < t1 <

t2 < · · · < tM < T, where [0, T] denotes the recording
time domain. That is,

S(t) =
M∑

i=1

δ(t − ti), t ∈ [0, T] ,

where δ(·) is the Dirac delta function. We define the
space of all spike-trains containing M spikes to be SM

and the set of all spike-trains to be S = ∪∞
M=0SM. To

simplify the notation, for any spike train S ∈ S, we use
[S] to denote the set of all spike times in S (e. g. if S(t) =∑

δ(t − ti), then [S] = {ti}). For any finite set U , we use
|U | to denote the cardinality (i.e. number of elements)
of that set.

Let � be the set of all time warping functions,
where a time warping is defined as an orientation-
preserving diffeomorphism of the domain [0, T]. That
is, γ : [0, T] → [0, T] is a time-warping if, in addition
to being continuous and (piecewise) differentiable, it
satisfies these three conditions:

γ (0) = 0, γ (T) = T, 0 < γ̇ (t) < ∞.

It is easy to verify that � is a group with the operation
being the composition of functions. Assume f (t) =∑M

i=1 δ(t − ti) ∈ SM and g(t) = ∑N
j=1 δ(t − s j) ∈ SN are

two spike trains in [0, T]. For the set of time-warping

functions �, and scalar constants 1 ≤ p < ∞ and 0 <

λ < ∞, we define a metric between f and g in the
following form:

dp[λ]( f, g) = inf
γ∈�

(
X([ f ], [g ◦ γ

]
)

+λ

∫ T

0

∣∣1 − γ̇ (t)1/p
∣∣p

dt
)1/p

, (1)

where X(·, ·) denotes the cardinality of the Exclusive
OR (i.e. union minus intersection) of two sets. That is,
X(·, ·) measures the number of unmatched spike times
between [ f ] and [g ◦ γ ] and can be computed as

X ([ f ], [g ◦ γ ]) = M + N − 2
M∑

i=1

N∑

j=1

1{γ (ti)=s j}

where 1{·} is an indicator function. We emphasize that
the dp metrics generalize the commonly-used Victor-
Purpura metric (Victor and Purpura 1996) when p =
1. In case the spike trains are smoothed with some
kernel functions, the metric dp has a corresponding
general form, Dp, which measures the elastic distance
between two smoothed spike train functions (Wu and
Srivastava 2011). By measuring the separation between
spike kernels in the time domain and penalizing the
amount of warping, we have shown that D2 metric
(when p = 2) also generalizes the van Rossum metric
(van Rossum 2001).

The integration in Eq. (1) includes two terms. The
first term, X([ f ], [g ◦ γ ]), is called matching term which
measures the goodness-of-match between f and g
in presence of warping. The second term,

∫ T
0 |1 −

γ̇ (t)1/p|pdt, is called penalty term and it penalizes the
amount of warping. The constant λ(> 0) is the penalty
coefficient. We emphasize that dp is a proper metric;
that is, it satisfies non-negativity, symmetry, and the
triangle-inequality. Indeed, dp shares a lot of similarities
to the classical Lp norm in functional analysis.

When p = 2, the distance between f (t) and g(t) has
the following form:

d2[λ]( f, g)= inf
γ∈�

(
X ([ f ], [g ◦ γ ])+λ

∣∣∣
∣∣∣1 −√

γ̇

∣∣∣
∣∣∣
2
)1/2

,

(2)

where || · || denote the standard L2 norm of a function
on [0, T]. Due to its similarity to the L2 norm, this
distance corresponds to the classical Euclidean distance
in the function space.
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2.1.2 Optimal time warping between two spike trains

Note that since � is an infinite set, there may not
exist a warping function in � such that the infimum in
Eq. (1) can be reached. However, to clearly understand
the optimal warping from one spike train to the other,
it is desired that such transformation exists and can
be computed with some efficient procedure. Here we
show that the optimal warping function does exist and
it has a specific form that can be effectively estimated.
This result indicates that the exact lower bound “inf”
(infimum) in Eqs. (1) and (2) can actually be changed
to the achievable “min” (minimum).

To demonstrate this, we at first define the set of all
piecewise linear warping functions from spike times {ti}
(in f ) to {s j} (in g). That is, for a desired γ , in addition
to meeting the conditions for functions in �, it also
salsifies the following three conditions:

1. It is continuous, increasing, and piecewise linear
from [0, T] to [0, T];

2. The set of all interior nodes of the pieces (i.e.
excluding 0 and T), {al}, is a subset of {ti};

3. The set of the mappings of all interior nodes,
{γ (al)}, is a subset of {s j}.

We denote this set by � f,g, which is a subset of �. Note
that as the number of the spikes in f and g are finite,
� f,g is a finite set. In Appendix A (Theorem 1), we
prove that there exists a warping function γ ∗ ∈ � f,g,
such that

dp[λ]( f, g) =
(

X([ f ], [g ◦ γ ∗])

+λ

∫ T

0

∣∣1 − γ̇ ∗(t)1/p
∣∣p

dt
)1/p

.

In Wu and Srivastava (2011), we proposed an
efficient dynamic programming (DP) procedure to
compute the dp[λ] distance between any two spike
trains. This procedure is mathematically validated here
because by Theorem 1 we only need to have a finite
search (by DP) for optimal matching on spike times
between two trains. Assume the numbers of spikes in
f and g are M and N, respectively, the computational
cost will be in the order of O(MN). This efficiency is
the same as that for the Victor–Purpura metric Dinterval;
dp can be computed for any value of p ≥ 1 while p = 1
in Dinterval.

2.2 Mean of a set of warping functions

In the remainder of this paper, we focus on the special
case when p = 2. This d2 distance corresponds to a

Euclidean distance and therefore can be used to define
conventional summary statistics in the spike train space
(Wu and Srivastava 2011). Our goal here is to estimate
the sample mean and the associated covariance for a set
of spike trains S1, · · · , SN ∈ S. Towards that goal, we
first investigate the problem of defining and computing
the sample mean of a set of warping functions γi ∈
�, i = 1, · · · , N. In particular, we assume that γi is the
optimal warping from Si to a candidate mean spike
train S under d2. That is,

γi = arg min
γ∈�

(
X ([S], [Si ◦ γ ]) + λ

∣∣∣
∣∣∣1 −√

γ̇

∣∣∣
∣∣∣
2
)

.

Based on Theorem 1 in Appendix A, each optimal
warping function γi must be piecewise linear from [0, T]
to [0, T], and the nodes of the pieces must be at the
spike times (and 0, T).

We denote the spike times in S be {s1, · · · , sA},
where A = |[S]| is the number of spikes in S. Here
we count time 0 and time T as spikes and denote
them by s0 and sA+1, respectively. Then, there are
A + 1 associated Inter-Spike Intervals (ISIs), denoted
by (δ1, · · · , δA+1). Therefore,

∑A+1
k=1 δk = T and sk =∑k

j=1 δ j, k = 0, 1, · · · , A + 1. We also denote the cor-
responding (in the optimal warping) intervals in Si

by (δi,1, · · · , δi,A+1). That is, δi,k = γi(sk) − γi(sk−1), k =
1, · · · , A + 1, i = 1, · · · , N. Then γi can be denoted in
the following form:

γi(t) = δi,k

δk
(t − sk−1) +

k−1∑

j=1

δi, j, if sk−1 ≤ t ≤ sk. (3)

One example warping function is illustrated in Fig. 1.
One can easily verify that in addition to being contin-
uous and piecewise linear, γi in Eq. (3) satisfies the

T

T0 δ
1

δ
2

δ
3

δ
A+1

δ
i,1

δ
i,2

δ
i,3

δ
i,A+1

Fig. 1 Optimal warping function from Si to S
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following three conditions: γi(0) = 0, γi(T) = T, and
the slope in each piece δi,k/δk > 0.

Before we define the mean of {γi}, we need to have a
quantity to measure the distance between two warping
functions. Note that {γi} are constrained piecewise lin-
ear functions, and therefore their variability cannot be
properly measured via conventional functional analy-
sis in the L2 space. Here we adopt a transformation
method, called square-root velocity function (SRVF),
to map the function to the hyper-sphere with radius√

T, a subset in the L2 space. The transformation is
given as follows: for any warping function γi, define
ψi = √

γ̇i. This mapping is one-to-one because when ψi

is known, we can compute γi as γi(t) = ∫ t
0 ψi(t)2dt. As

γi is piecewise linear, ψi is piecewise constant. Using
Eq. (3), ψi is given in the following form:

ψi(t) = √
δi,k/δk, if sk−1 < t < sk. (4)

The L2 norm of ψi is:

‖ψi‖ =
(∫ T

0
ψi(t)2dt

)1/2

=
(∫ T

0
γ̇i(t)dt

)1/2

= (γi(T) − γi(0))1/2 = √
T.

Therefore, the SRVF representation simplifies the so-
phisticated geometry of warping functions to a hyper-
sphere. Recall that the distance between any two points
on the sphere can have two different, yet related forms.
One is the intrinsic distance which is the shortest arc
length of a great circle connecting them on the sphere.
The other is the extrinsic distance under the L2 metric.
In Eq. (2), we have used the extrinsic distance between
the constant 1 (SRVF of the identity mapping γid(t) = t)
and the SRVF of a warping function. To be consistent,
we define the (extrinsic) mean, γ̄ ∈ �, of {γi} in the
following form:

γ̄ = arg min
γ∈�

N∑

i=1

∣∣∣
∣∣∣
√

γ̇ −√
γ̇i

∣∣∣
∣∣∣
2

(5)

Therefore, we have

γ̄ = arg min
γ∈�

N∑

i=1

∫ T

0

(√
γ̇ −√

γ̇i

)2
dt

= arg max
γ∈�

A+1∑

k=1

∫ sk

sk−1

√
γ̇

(
N∑

i=1

√
δi,k/δk

)
dt

Using the Cauchy–Schwarz inequality,

A+1∑

k=1

∫ sk

sk−1

√
γ̇

(
N∑

i=1

√
δi,k/δk

)
dt

≤
A+1∑

k=1

(
N∑

i=1

√
δi,k

)(∫ sk

sk−1

γ̇ dt
)1/2

.

The equality holds if and only if
√

γ̇ is constant on
[sk−1, sk], k = 1, · · · , A + 1. Note that γ has constraint∫ T

0 γ̇ dt = T. Using the Cauchy inequality again,

A+1∑

k=1

(
N∑

i=1

√
δi,k

)(∫ sk

sk−1

γ̇ dt
)1/2

≤
⎛

⎝
A+1∑

k=1

(
N∑

i=1

√
δi,k

)2⎞

⎠
1/2

(T)1/2 .

The equality holds if and only if

√
δkγ̇ (t) =

∑N
i=1

√
δi,k√

∑A+1
k=1

(∑N
i=1

√
δi,k

)2
/T

, if sk−1 < t < sk.

In this case the function in Eq. (5) is minimized. There-
fore, the mean time warping γ̄ is also a piecewise linear
function, and its SRVF has the following closed-form,

˙̄γ (t) =
(∑N

i=1

√
δi,k/δk

)2

∑A+1
k=1

(∑N
i=1

√
δi,k

)2 T, if sk−1 < t < sk. (6)

2.3 Mean spike train in S under d2

Based on d2, we have introduced the notion of sample
mean and sample variance of a set of spike trains.
However, to utilize some efficient, analytical expres-
sions, we have assumed that the penalty coefficient
λ is sufficiently small (Wu and Srivastava 2011). This
assumption may limit the application of the methods
when certain penalty is expected for practical purposes.
In this paper,we will generalize the computation of the
mean spike train to any value of λ ∈ (0, ∞).

For spike trains S1, S2, · · · , SN ∈ S where the cor-
responding numbers of spikes are {n1, n2, · · · , nN} (ar-
bitrary non-negative integers), we have defined their
sample mean using the classical Karcher mean under
the d2 distance (Karcher 1977) as follows:

S∗ = arg min
S∈S

N∑

i=1

d2[λ](Si, S)2. (7)
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When the mean spike train S∗ is known, the associ-
ated (scalar) sample variance, σ 2, can be defined in the
following form,

σ 2 = 1
N

N∑

i=1

d2[λ](Si, S∗)2. (8)

The computation of the variance is straightforward, and
the main challenge is at computing the mean spike train
for arbitrary value of λ. Here we propose an efficient,
convergent algorithm to address this problem.

2.3.1 Estimation of mean spike train

For the mean spike train S, there are two unknowns: the
number of spikes n and the placements of these spikes
in [0, T]. In Wu and Srivastava (2011), we showed
that when λ < 1/(2NT), the sum of squared distance is
dominated by the sum on the matching terms. There-
fore, we can at first identify n, which turns out to
be the median of {n1, n2, · · · , nN}. Then we proposed
a Matching-Minimization (MM) algorithm which is a
numerical procedure to find the placements of the n
spikes by iteratively decreasing the sum on the penalty
terms for warping.

For general value of λ > 0, neither the matching
term nor the penalty term will be universally dominant,
and therefore we cannot identify the number of spikes
in the mean before estimating their placements. A key
challenge is that we need to update the number of
spike trains in the mean during the iteration. In this
paper, we propose a general algorithm to estimate the
mean spike train. We initialize the number of spikes
in the mean spike train equal to the maximum of

{n1, n2, · · · , nN}, and then reduce this number during
the iteration. The iterative process is analogous to that
in the MM-algorithm except that we add a pruning step
to remove redundant spikes in the mean during the
iteration. We refer to this new method as Matching-
Centering-Pruning (MCP) algorithm, where the center-
ing step is equivalent to the minimization step in the
MM-algorithm.

The basic idea of the MCP-algorithm is illustrated
using a diagram in Fig. 2. We at first let n be the
maximum of {n1, n2, · · · , nN} and randomly assign the
placements of these n spikes in the mean. In the Match-
ing step of each iteration, we compute the optimal time
warping γi from each train in the set to the current
mean. This is done using the dynamic programming
algorithm. In the Centering step, we compute the mean
of {γi} (using the solution in Eq. (6)), and then ap-
ply its inverse to the mean spike train as well as the
aligned spike trains. In this case, if we recompute the
optimal time warping from each original spike train
to the transformed, or centered, mean spike train,
the mean of all warping functions will be identity.
This is why we call this step as a Centering step. In
the Pruning step, we remove all spikes in the mean
train that match at most N/2 spikes with the aligned
spike trains. We also test if any spike that matches
more than N/2 spikes can be removed here. This is
to avoid the MCP process being trapped in certain
local minima. Finally, we check the convergence on the
sum of squared distances. If it converges, we stop the
iteration.

Here we formally state the MCP-algorithm in the
following recursive form:

1. Let n = max{n1, n2, · · · , nN}. (Randomly) set initial
times for the n spikes in [0, T] to form an initial S.

Fig. 2 Illustration of the
MCP algorithm
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2. Matching Step: Using the dynamic programming
procedure to find the optimal time matching from
Si to S, i = 1, · · · , N. That is,

γi = arg min
γ∈�

(
X ([Si ◦ γ ], [S]) + λ

∣∣∣
∣∣∣1 −√

γ̇

∣∣∣
∣∣∣
2
)

3. Centering Step:

(a) Compute the extrinsic mean of {γ1, · · · , γN}
(using Eq. (6)), denoted by γ̄ .

(b) Apply γ̄ −1 on S and Si ◦ γi. That is, the mean
spike train and aligned trains are updated as

S(∗) = S ◦ γ̄ −1,

(Si ◦ γi)
(∗) = Si ◦ γi ◦ γ̄ −1, i = 1, · · · , N.

4. Pruning Step:

(a) For each spike sk ∈ S(∗), count the number of
times sk appear in {[(Si ◦ γi)

(∗)]}N
i=1. That is,

hk = ∣∣{1 ≤ i ≤ N| sk ∈ [(Si ◦ γi)
(∗)
]}∣∣ .

(b) Remove the spikes from [S(∗)] which appear
at most N/2 times in {[(Si ◦ γi)

(∗)]}. Denote the
new set of spikes as [S̃(∗)]. That is,
[

S̃(∗)

]
= {

sk ∈ [S(∗)
] |hk > N/2

}
.

(c) Let [S̃(∗)
−] be [S̃(∗)] except that one spike

with minimal number of appearance is re-
moved (randomly take one if there are mul-
tiple spikes at the minimum). That is, let k̃ ∈
arg min

1≤k≤n
{hk|hk > N/2}. Then

[
S̃(∗)

−] =
{

sk ∈
[

S̃(∗)

]∣∣∣k �= k̃
}

.

(d) If
∑N

i=1 d2(Si, S̃(∗)
−
)2 ≤ ∑N

i=1 d2(Si, S̃(∗))2, then

update the mean S = S̃(∗)
−

, and the number of
spikes n = |S|.
Otherwise, update the mean S = S̃(∗), and the
number of spikes n = |S|.

5. If the sum of squared distances stabilizes over steps
2–4, then the mean spike train is the current esti-
mate and stop the process. Otherwise, go back to
step 2.

Denote the estimated mean in the jth iteration as
S( j). One can show that the sum of squared distances
(SSD),

∑N
i=1 d2(Si, S( j))2, decreases iteratively. As 0 is

a natural lower bound,
∑N

i=1 d2(Si, S( j))2 will always
converge (to a local minimum) when j gets large. The
detail of the proof is shown in Appendix B. In practical
applications, we find the process only takes a few iter-
ations to reach a reasonable convergence of the SSD

and the mean spike train. Note that this MCP algorithm
only takes linear computational order on the number
of spike trains in the set and is a very efficient algo-
rithm. However, there may be multiple local minima in
Eq. (7), and more work will be needed to search for the
global minimum in the future.

Note that in the Centering Step, we compute the
mean warping of N warping functions, and then apply
the inverse of the mean warping to update the mean
spike train. This procedure is actually equivalent to the
Minimization Step in the MM-algorithm. In particular,
the update on the mean warping (Eq. (6)) is the same as
the closed form formula for updating mean spike train
in the MM-algorithm (Eq. (11) in Wu and Srivastava
2011). In practical use of the MCP-algorithm, we find
that when λ is sufficiently small, the number of spikes in
the iterative procedure will decrease until it reaches the
median number in the set. This result is consistent to
the estimation in the MM-algorithm where the number
of spikes in the mean is fixed as the median number in
the set before the estimation of the spike placements.

In general, when the penalty coefficient λ gets large,
the optimal time warping will choose to have few
matchings between spikes to lower the warping cost.
Some of the spikes in the mean will be removed during
the iteration to minimize the SSD. In the extreme case
when λ is sufficiently large, any time warping would be
discouraged as that will result in larger distance than
simply the Exclusive OR operation. In this case, the
mean spike train in this case will be an empty train
(i.e. a train with no spikes). This result indicates that
in order to get a meaningful estimate of the mean spike
train, the penalty coefficient λ should not take a very
large value. We have proposed an empirical value range
of λ to balance the contributions between matching
term and penalty term (Wu and Srivastava 2011). In
practical use, one may use a cross-validation technique
to decide the optimal value of λ.

2.3.2 Illustration of the mean estimation

To test the performance of the MCP-algorithm, we
here illustrate the mean estimation using spike trains
generated from a homogeneous Poisson process. Let
total time T = 1 (s), Poisson rate ρ = 10 (spikes/s) and
we randomly generate 30 spike trains from this process.
The individual spike trains are shown in Fig. 3(a). The
numbers of spikes in these trains vary from 5 to 16, with
the median value of 10. Therefore, n, the number of
spikes in the mean, is initialized to be 16. We let λ be
three different values at 20, 400, and 1200, which varies
the warping penalty from small to large. To properly
compare the results with these three values of λ, we
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Fig. 3 (a) 30 spike trains generated from a homogeneous Poisson
process. Each blue vertical line indicates a spike. (b) Estimation
result when λ = 20. Upper panel: The sum of squared distances
(SSD) over all iterations with the uniform initial. Lower panel:
The estimated mean spike train over all iterations. The initial
is the spike train on the top row (0th), and the final estimate

is the spike train on the bottom row (9th). We see that the
SSD decreases over the iterations and the mean spike trains
converges rapidly. We also see that the mean is approximately
evenly distributed which reasonably captures the homogeneous
nature of the process. (c, d) Estimation results when λ = 400 and
1200, respectively

adopt uniformly distributed 16 spikes in [0, T] as the
initial for the mean in each case.

The result by the MCP-algorithm for λ = 20 is shown
in Fig. 3(b). The upper panel shows the evolution of the
SSD in Eq. (7) versus the iteration index. We see that it
only takes a few iterations for the SSD to decreasingly
converge to a minimum. The mean spike train during
the estimation process is shown in the lower panel. The
first row (0th) is the initial, and the last row (9th) is the
final estimate. Significant changes are observed in the
first few (1–5) iterations, and then the process stabilizes.
Note that the spikes in the mean train are approx-
imately evenly distributed (although some variability
is observed due to the finite random samples). Such
distribution well captures the homogeneous nature of

the underlying process. This result is consistent to what
we obtained using the MM-algorithm in Wu and Srivas-
tava (2011). We also note that the number of spikes in
this mean spike train is 10, which equals the median of
the numbers of spikes in the set. This result indicates
that when λ is small, the MCP-algorithm generates
consistent estimate to the MM-algorithm.

The result for λ = 400 is shown in Fig. 3(c). With a
larger penalty here, the optimal time warping between
spike trains chooses to have fewer matchings between
spikes to lower the warping cost. Some of the spikes in
the mean are removed during the iteration to decrease
the SSD. This explains why there are only four spikes
in the estimated mean. However, we observe that the
spikes are still approximately evenly distributed over
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the time domain. In this case, the convergent SSD is
about 280, which is greater than the SSD (at about
130) when λ = 20. The result for λ = 1200 is shown in
Fig. 3(d). With such a large penalty, the convergent
SSD is about 300. In this extreme case, there is only one
spike left in the mean, and it remains near the center of
the time domain. Note that when λ is even larger, we
expect no spikes will appear in the mean.

2.4 Spike train covariance in S under d2

In this section, we extend the investigation on the
first order statistic, mean, of a set of spike trains to
the second order statistic, namely the covariance, that
naturally depends on the mean statistic. Basically, given
the mean spike train, we compute the variation of each
train from the mean, and define and estimate the co-
variance using these variations (Srivastava and Jermyn
2009). The challenge in this process comes from the fact
that there are two terms in each measure of variation: a
matching term and a penalty term. The matching term
is computed using Boolean operations on finite sets and
it is very difficult to identify a time-based covariance
structure with this term. Thus, in this paper, we limit the
covariance description to only the penalty term where
the co-variability in the set of spike trains is represented
by the set of optimal time warping functions. In this
sense, the definition and use of covariance is based only
on a partial information here and denotes a limitation
of this definition.

2.4.1 Def inition of covariance in the tangent space

For a set of spike trains S1, · · · , SN ∈ S, we assume
their mean spike train S ∈ S is already obtained (e.g.
using a MCP-algorithm). We denote the spike times
in S by {s1, · · · , sA}, where A = |[S]|. We count time
0 and time T as spikes and denote them by s0 and
sA+1, respectively. Then, there are A + 1 associated
ISIs δ1, · · · , δA+1. We also denote the corresponding (in
the optimal warping) intervals in Si by (δi,1, · · · , δi,A+1).
Then the optimal warping (from Si to S) γi has the
piecewise linear form shown in Eq. (3). Focusing on
the time warping between spike times, the dissimilarity
between S and each Si can be measured by the warping
function γi. The two trains are similar when γi is near
the identity warping function γid(t) = t, t ∈ [0, T], and
are dissimilar otherwise.

The next question is: How can we measure the
variability in these warping functions? Note that the
warping functions are constrained piecewise linear
functions. To effectively measure their variability, we

adopt a normalized version of the SRVF transforma-
tion (see Section 2.2) to map the function to the unit
hyper-sphere S∞, a nonlinear manifold in the L2 space.
The transformation is given as follows: for each warping
function γi, define ψi = √

γ̇i/T. As γi is piecewise lin-
ear, ψi is piecewise constant. Using Eq. (3), ψi is given
in the following form.

ψi(t) =
√

δi,k

δkT
, if sk−1 < t < sk. (9)

The L2 norm of ψi is:

‖ψi‖ =
(∫ T

0
ψi(t)2dt

)1/2

=
(∫ T

0
γ̇i(t)/Tdt

)1/2

=
(

γi(T) − γi(0)

T

)1/2

= 1.

Therefore, the normalized SRVF representation sim-
plifies the geometry of warping functions to the unit
sphere. Recall that the distance between any two points
on the unit sphere, under the L2 metric, is simply the
length of the shortest arc of a great circle connecting
them on the sphere. For the identity warping γid, its
normalized SRVF is ψid = √

γ̇id/T = 1/
√

T, t ∈ [0, T].
S∞ being a sphere is a nonlinear manifold and, there-

fore, it is difficult to directly measure the variability of
points lying in that space. We use a commonly-used ap-
proximation by estimating the variation in the tangent
space (Srivastava and Jermyn 2009; Dryden et al. 2009;
Pennec 2006) at the point ψid, denoted by Tid, since that
space is a vector space and one can define a covariance
matrix in that space. Our choice of mapping these
points to the tangent space at ψid is the most natural
and intrinsic (Riemannian) way of studying statistics
on spheres. Furthermore, this representation ensures
that the measurement of variation under this approach
agrees with the metric d2 on the spike train space. That
is, we project each ψi on S∞ to one point in Tid by
preserving the arc distance. In particular, the origin of
this tangent space is the projection of ψid on S∞. The
projection of ψi(t), denoted by vi(t), is given by Kurtek
et al. (2011):

vi(t) = θi

sin(θi)
(ψi(t) − cos(θi)ψid(t)) ,

where θi = cos−1(
∫ T

0 ψid(t)ψi(t)dt) is the joint angle be-
tween ψid(t) and ψi(t). One can easily verify that ||vi|| =
θi. That is, the arc length from ψid to ψi is preserved
as the L2 distance from the origin to vi on Tid. This
projection is illustrated in Fig. 4.
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Fig. 4 Projection from the unit sphere S∞ to the tangent space
Tid. vi (blue dot) is the projection of ψi(t) (red dot) on Tid, i =
1, · · · , N

Because ψi(t) is piecewise constant, vi(t) is also piece-
wise constant. Moreover, using Eq. (9), we have

θi = cos−1

(
A+1∑

k=1

1√
T

√
δi,k

δkT
(sk − sk−1)

)

= cos−1

(
1
T

A+1∑

k=1

√
δi,kδk

)
.

This tangent space Tid is a vector space and therefore
conventional covariance computation can be conducted
here. Let v̄ = 1

N

∑N
i=1 vi. Then the covariance of these

functions can be computed as follows:


(s, t)= 1
N

N∑

i=1

(vi(s)−v̄(s)) (vi(t)−v̄(t)) 0≤s, t≤T.

(10)

2.4.2 Probability model based on mean and covariance

Because vi(t) is piecewise constant, the covariance is
constant when sl−1 < s < sl, sm−1 < t < sm for any 1 ≤
l, m ≤ A + 1. This indicates that the covariance can
actually be simplified by a (A + 1) × (A + 1) matrix
that describes the covariation between each pair of ISIs.
Denote this matrix by 
̃ = {
̃lm}, 1 ≤ l, m ≤ A + 1. We
should note that the ISIs {δk} do not have the same
length with respect to k. To make use of 
̃ in a probabil-
ity representation (this will be seen in Eq. (12) below),
we scale the piecewise constant functions by the square-

root of ISIs. That is, the sample covariance is computed
in the following form:


̃lm = 1
N

N∑

i=1

(
vi,l − ṽl

) (
vi,m − ṽm

)
(11)

where

vi,l = √
δl

θi

sin(θi)

(√
δi,l

δlT
− cos(θi)

√
1
T

)

= 1√
T

θi

sin(θi)

(√
δi,l − cos(θi)

√
δl

)

and ṽl = 1
N

∑N
i=1 vi,l, l = 1, · · · , A + 1, i = 1, · · · , N.

Using the sample mean S and sample covariance

̃ in the projected tangent space, we can further es-
timate the probability distribution of the set of spike
trains. Mathematical modeling on multi-dimensional
data is challenging in itself (Bilodeau and Brenner 1999;
Rencher 2002). To simplify the procedure, here we
adopt a classical “Gaussian-type” model to characterize
the probability distribution on the given data. For any
spike train S∗ ∈ S, we at first compute the optimal
warping from S∗ to the mean S. That is,

γ ∗ = arg min
γ∈�

(
X([S], [S∗ ◦ γ ]) + λ

∣∣∣
∣∣∣1 −√

γ̇

∣∣∣
∣∣∣
2
)

.

Based on the ISIs {δk} in S, let the corresponding
intervals in S∗ be {δ∗

k}. Then the optimal warping has
the following form:

γ ∗(t) = δ∗
k

δk
(t − sk−1) +

k−1∑

j=1

δ∗
j , if sk−1 ≤ t ≤ sk.

Hence, the associated normalized SRVF is

ψ∗(t) =
√

δ∗
k

δkT
, if sk−1 < t < sk,

and the projection on S∞ is

v∗(t) = θ∗

sin(θ∗)

(
ψ∗(t) − cos(θ∗)

1√
T

)
,

where θ∗ = cos−1(
∫ T

0
1√
T
ψ∗(t)dt) = cos−1( 1

T

∑A+1
k=1√

δ∗
kδk). As v∗(t) is piecewise constant, it can be

simplified to a vector

ṽ∗ = (
v∗

1 , · · · , v∗
A+1

)T
,

where v∗
k = 1√

T
θ∗

sin(θ∗) (
√

δ∗
k−cos(θ∗)

√
δk), k=, · · · , A + 1.

The likelihood of the spike trains S∗ can be repre-
sented using ṽ∗ in the projection space. That is, ṽ∗ is
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assumed normally distributed with mean 0 covariance

̃. The likelihood is given as

p(S∗) = N(ṽ∗; 0, 
̃)

= 1

(2π)(A+1)/2 det(
̃)1/2

× exp
(

−1
2
(ṽ∗)T
̃−1(ṽ∗)

)
. (12)

We consider a special case when the covariance matrix
is simply the identity matrix IA+1. That is, we ignore
the covariance and only use mean spike train for the
likelihood computation. In this case, we have

p(S∗) = N(ṽ∗; 0, IA+1) ∝ exp
(

−1
2
(ṽ∗)T ṽ∗

)

= exp

(
−1

2

A+1∑

k=1

(v∗
k)

2

)
.

Using the expression v∗
k = 1√

T
θ∗

sin(θ∗) (
√

δ∗
k − cos(θ∗)

√
δk),

this probability can be computed as:

p(S∗) ∝ exp

(
−1

2

(
θ∗

sin(θ∗)

)2

×
(

1 + (cos(θ∗))2 − 2 cos(θ∗)
1
T

A+1∑

k=1

√
δ∗

kδk

))

= exp
(

−1
2
(θ∗)2

)
. (13)

This indicates that when only the mean is used, the like-
lihood of a spike train in the model can be equivalently
estimated by the intrinsic distance between the train
and the mean (therefore maximizing likelihood will be
equivalent to minimizing intrinsic distance).

2.4.3 Illustration of the covariance and probability
model

To illustrate the covariance in spike train data, we
randomly generate spike trains following two different
Poisson processes. The total time T = 2 (s), and the
Poisson rate (in the units of spikes/s) varies over time
with two different functions

Class 1: ρ1(t) = 16 · N (t; 0.8, 0.15),

Class 2: ρ2(t) = 16 · N (t; 1.0, 0.3), 0 ≤ t ≤ T

where N (t; μ, σ) indicates the normal probability den-
sity at t with mean μ and variance σ 2. These rate
functions are shown in the upper panel of Fig. 5. We
see that the two density functions have different forms;
The first one is concentrated at around 0.8 s, whereas
the second one is relatively more dispersed with center

0

40
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0 1 2
2
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Fig. 5 Upper panel: Two different Poisson rate functions {ρi(t)}
on the time domain [0, 2], colored by blue and red, respectively.
Middle panel: 20 example spike trains generated from each class
ρi(t), i = 1, 2. Each thin vertical line indicates the time of a spike,
and one row is for one trial. The colors are the same as that in
the upper panel. Lower panel: The mean of the 30 spike trains in
each class when λ = 0.5. The colors are the same as that in the
upper panel

around 1 s. 30 spike trains are randomly generated with
each density function. We denote these trains by Sij, i =
1, 2, j = 1, · · · , 30. For illustration, 20 spike trains from
each class are shown in the middle panel of Fig. 5. We
know the spike train covariance is based on the mean
spike train. To have a detailed characterization on the
covariability, we take a small value of λ = 1/T = 0.5
and this penalty allows most time warpings on spike
times (but not for very drastic ones). We compute the
mean spike train in each class and the result is shown
in the lower panel of Fig. 5. These mean spike trains
appropriately represent the firing patterns in the corre-
sponding paths. That is, the frequency of the spikes is
approximately proportional to the value of the density
function at each time.

We denote the two mean spike trains as S1 and
S2. Then for each class, we compute the optimal time
warping from each train to their mean. That is,

γi, j = arg min
γ∈�

(
X
([Sij ◦ γ ], [Si]

)+ λ

∣∣∣
∣∣∣1 −√

γ̇

∣∣∣
∣∣∣
2
)

These (piecewise linear) warping functions are shown
in the first column of Fig. 6. We observe that the
warping functions are more variable in Class 2 than in
Class 1. This is a natural result as the spikes in Class 2
are more dispersed. We also show the (piecewise con-
stant) SRVFs of these warping functions in the second
column of Fig. 6. It is apparent that the variability in
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Fig. 6 Row 1, column 1: The
optimal warping functions
from each train to their mean
in Class 1. Row 1, column 2:
The associated SRVFs with
are piece-wise constant. Row
1, column 3: The gray-scale
image of the covariance
matrix. In the covariance
image, light colors indicate
higher variabilities and dark
indicate lower. Row 2: Same
as Row 1 except for Class 2
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Class 1 is centered at around 0.8 s, and in Class 2 at
around 1 s. These patterns appropriately follow the two
Poisson density functions ρ1 and ρ2. The covariance
matrices are then computed using Eq. (10), and the
result is shown in the third column of Fig. 6. These
covariances not only describe the variability at each
time point, but also measure the co-variability between
any two time points.

Based on a simple Gaussian assumption, we can
compute the log-likelihood of each spike train using
Eq. (12) on the estimated mean and covariance. The
result is shown in Fig. 7(a). It is found that all 30 spike
trains in Class 1 have higher likelihood in the model of
Class 1 than in the model of Class 2. Analogously, 29
out of 30 spike trains in Class 2 have higher likelihood
in the model of Class 2 than in the model of Class 1.
That is, if we perform a likelihood-based classification
on the 60 spike trains, the accuracy will be 98 % (59/60).
Note that this classification procedure is not cross-
validated as the means and covariances are estimated

using the same 60 trains. To test the classification on an
independent dataset, we randomly generate ten more
spike trains from each class. The likelihood of these
20 test trains are shown in Fig. 7(b). It is found that
19 out of 20 test trains have higher likelihood in the
same class than in the other. That is, the accuracy of
a likelihood-based classification is 95 % (19/20), which
is comparable to that in the training data. All these
results indicate that a simple Gaussian model may be
used to differentiate the distributions of two classes of
spike trains.

2.4.4 Illustration of the covariance in classif ication

Spike train covariance describes the co-variability be-
tween ISIs, and this second-order statistic is expected
to improve classification performance when the mean
spike trains in different classes are the same. Here we
provide a toy example to illustrate the use of covariance
in classification. To simplify the problem, we assume
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Fig. 7 (a) The log-likelihood of the 60 training spike trains in the
model for Class 1 (blue line with squares) and Class 2 (red line
with circles). Spike trains 1–30 are from Class 1, and spike trains

31–60 are from Class 2. (b) Same as (a) except for the 20 testing
spike trains, where trains 1–10 are from Class 1, and trains 11–20
are from Class 2
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Fig. 8 (a) 50 spike trains generated from Class 1 (upper panel)
and Class 2 (lower panel), respectively. Each dot indicates the
time of a spike, and one row is for one trial. (b) The log-
likelihoods of these 100 spike trains in the model for Class 1 (blue

line) and the model for Class 2 (red line). The upper panel shows
the 50 spike trains from Class 1, and the lower panel shows the
other 50 spike trains from Class 2

all trains have the same number of spikes and the
distribution in the projection space follows a Gaussian
model (by Eq. (12)). Specifically, let the time period be
[0, 1] s.

– In Class 1, the mean spike train is [0.2 0.4 0.6 0.8],
and the covariance is 0.001 · I5. We generate 50
spike trains with these mean and covariance. The
data is shown in Fig. 8(a) (upper panel).

– In Class 2, the mean spike train is also [0.2 0.4 0.6
0.8], but the covariance is

0.001 ·

⎡

⎢⎢⎢⎢⎣

1 −0.9 0.9 −0.9 0.9
−0.9 1 −0.9 0.9 −0.9

0.9 −0.9 1 −0.9 0.9
−0.9 0.9 −0.9 1 −0.9

0.9 −0.9 0.9 −0.9 1

⎤

⎥⎥⎥⎥⎦
.

We also generate 50 spike trains with these mean
and covariance. The data is shown in Fig. 8(a)
(lower panel).

Note that both classes have the same mean spike train.
So if we only use mean-based criterion (Eq. (13)) for
classification, the accuracy rate should be around 50
%. In Fig. 8(b), we show that the covariance-based
log-likelihoods (by Eq. (12)) of these 100 trains using
the models in Classes 1 and 2, respectively. For the
50 trains in Class 1, 34 of them have larger likelihood
in model 1, and for the 50 trains in Class 2, all of

them have larger likelihood in model 2. Therefore, the
classification accuracy is (34 + 50)/100 = 84 %.

3 Experimental results

In the Theory and Methods section, we have devel-
oped an efficient and convergent approach, the MCP-
algorithm, to estimate the mean spike train of a set of
spike trains for arbitrary penalty coefficient λ. Based
on the optimal warping functions from each train to the
mean, we then compute the covariance matrix using the
tangent projection in the SRVF space. In this section,
we will apply these new tools to perform some statisti-
cal analysis on a real experimental recording.

The neural data was previously used and clearly
described when we first developed the metrics dp be-
tween spike trains (Wu and Srivastava 2011). Briefly, a
microelectrode array was implanted in the arm area of
primary motor cortex (MI) in a juvenile male macaque
monkey (Macaca mulatta). Signals were filtered, am-
plified and recorded digitally using a Cerebus acquisi-
tion system (Cyberkinetics Inc.). Single units were man-
ually extracted using Offline Sorter (Plexon Inc.). The
subject was trained to perform a closed Squared-Path
(SP) task by moving a cursor to targets via contralateral
arm movements in the horizontal plane. Basically, the
targets in the SP task are all fixed at the four corners
of a square and the movement is stereotyped. At the
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Fig. 9 Four trajectories of hand movement in the SP task. The
four colors (blue, red, green, and cyan) indicate the trajectories
started at corners 1, 2, 3, and 4, respectively, where the corners
are also shown in the correspond colors. The four paths are also
described with text legend on the right side of the plot

start of a trial, the target appeared at one corner and
the monkey had to move the cursor to it. Once reached,
the target jumped counterclockwise to the next corner
and the monkey had to move the cursor again. The
trial ended when the starting corner was reached again.
The example movement in each path is shown in Fig. 9
(figure is extracted from Wu and Srivastava 2011). Each
sequence of five targets defined a path, and there were
four different paths in the SP task (depending on the
starting point). In this experiment, we recorded 60 trials
for each path, and the total number of trials was 240.
The time length of each trial varies from 5 to 6 s. As
the new metrics and statistics are defined on a fixed
time interval, we normalize the kinematics and spiking

activity in each trial to 5 s. All of the surgical and be-
havioral procedures were approved by the University
of Chicago’s IACUC and conform to the principles
outlined in the guide for the care and use of laboratory
animals.

Here we will apply the spike train statistics and the
associated probability models to perform classification
on the behaviors (four different paths). We at first se-
lectively choose spiking activity from one neuron which
shows significant tuning over four different paths. For
illustration, ten spike trains from each movement path
as well as the reaching times at the five corners are
shown in Fig. 10(a). Let E denote the average number
of spikes in all four paths in the entire dataset, and
we find E = 32.5. Let λ0 = (E + E)/(2T) = 6.5 be the
penalty coefficient that makes equal maximal contribu-
tion from matching term and penalty term (see Wu and
Srivastava 2011). Here we choose three different values
of λ when estimating the mean spike trains in each path.
These values are (0.1, 1, 10)λ0, or (0.65, 6.5, 65). 0.65
is a very very small penalty which allows most time
warpings in the time domain. When the value of λ gets
large (e.g. when λ = 65), only moderate time warping
will be allowed for optimal matching.

For the 60 trials in each path, we randomly choose
30 of them as the training data and the other 30 as
the test data. For the 30 training spike trains in each
path, we apply the MCP-algorithm to compute their
mean for λ = 0.65, 6.5, and 65. The result is shown
in Fig. 10(b). We see that the number of spikes in
the mean is a decreasing function with respect to the
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Fig. 10 (a) Ten example spike trains generated from each path.
The four colors (blue, red, green, and cyan) indicate spiking ac-
tivity during hand movement in paths 1, 2, 3, and 4, respectively.
Each thin vertical line indicates the time of a spike, and one row

is for one trial. (b) The mean spike trains of the four paths in
the training data for λ = 0.65, 6.5, and 65, respectively. Each thin
vertical line indicates the time of a spike, and one row is for one
path. The colors are the same as that in (a)
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value of λ. Nevertheless, all these means appropriately
represent the firing patterns in the corresponding path.
That is, more spikes in the means where the intensity
is high in the original data, and few spikes where the
intensity is low.

The classical pairwise-distance classification (Victor
and Purpura 1996, 1997) has been done with the d2

metric where we choose λ = 10(E + E)/(2T) = 65 (see
Wu and Srivastava 2011). Assuming there are N spike
trains in the training and testing data, respectively (N =
30 × 4 = 120 in the given SP task), we need to to com-
pute N2 pairs of distances (between training and testing
trains). To simplify the computation, we propose a
mean-based method where we classify each test train by
the shortest distance to the four means in the training
set. With means pre-estimated from training data, the
computation in classification will only have the order
O(N). This efficient computational strategy has been
used in (Wu and Srivastava 2011). However, in that
case, the mean was estimated by the MM-algorithm
where we need to assume λ is sufficiently small. In
the classification, we have to reassign a large value
for λ (e.g. λ = 65 in the SP data). This large value is
needed here because a very small λ would lose the
contribution in the warping term which will lead to poor
classification.

To overcome this inconsistency, we, in this paper,
have proposed the general MCP-algorithm to estimate
the mean spike train of a set of spike trains for any
value of λ(> 0). The estimation result from training
data is shown in Fig. 10(b). For the 120 test trains
(30 trains from each path), we label each train by the
shortest distance over the four distances to the four

Table 1 Classification performance by various methods

Method Comp cost λ = 0.65 λ = 6.5 λ = 65
(%) (%) (%)

Pairwise distance O(N2) 30.0 70.8 90.0
Mean-distance O(N) 28.3 68.3 87.5
Warping-distance O(N) 65.0 74.2 20.0
Warping-based O(N) 53.3 51.7 13.3

likelihood

means in the training set. When λ = 65, the accuracy
of this mean-distance classification is 87.5 % (105/120),
about the same as that based on pairwise-distances.
The result with other two values of λ is also shown
in Table 1. In contrast to the pairwise classification,
the mean-distance method has comparable accuracies
(28.3 %, 68.3 %, 87.5 % vs. 30.0 %, 70.8 %, 90.0 % for
λ = 0.65, 6.5, 65, respectively), but significantly outper-
forms in terms of efficiency (linear order vs. quadratic
order).

Based on the mean spike train for each value of λ,
we compute the covariance matrices using Eq. (10).
The images of the covariance for λ = 0.65 and λ = 65
are shown in Fig. 11. We see that when λ = 0.65, the
covariances has more detailed structure. This is because
the means in this case have more spikes (due to little
warping penalty). Nevertheless, the general patterns in
covariance are the same for different values of penalty.
For example, more variability for both λ values when
the hand moves upward.

The classification on the test trains can also be done
with the warping distance and the associated covari-
ance. We here use a Gaussian likelihood method on

Fig. 11 (a) The covariance
images in the four paths when
λ = 0.65, where light colors in
the images indicate higher
variability whereas dark
colors indicate lower
variability. (b) Same as (a)
except for λ = 65. It is
apparent that the covariance
has more detailed structure
when λ = 0.65
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the warping distance and covariance. If we ignore the
covariance (i.e. let the covariance be identity matrix),
then the model will be isometric and the likelihood will
only depend on the warping distance from the mean.
The classification result is also shown in Table 1. As the
model only depends on the warping term (not about the
cost on matching), small values of λ (e.g. 0.65, 6.5) result
in better classification performance than large ones
(e.g. 65). We also note that incorporating covariance
in this case actually makes the performance worse. We
believe this is due to insufficient training data for the
covariance estimation. The numbers of spikes in the
means are around 20 to 30, and the covariance matrices
will be in their quadratic orders. However, we only have
30 (or up to 60) spike trains in the training data for each
path. We plan to address this issue by making some
constraint on the covariance (e.g. assuming sparsity or
other local structures). This is further discussed in the
Discussion Section.

We here also present a preliminary comparison with
the model-based methods which are widely used for
modeling and analysis of spike train data. In this case,
we assume the spike train data in each movement path
follows an inhomogeneous Poisson process. We use
the same 30 training trials in each path for estimating
the Poission rate function ρd(t), t ∈ [0, T], d = 1, 2, 3, 4
(with bin size 100 ms). For each spike train in the
test data, we perform the standard likelihood-based
classification based on the estimated ρ(t). it turns out
that the accuracy rate over 120 test trials is 86.7 %,
which is comparable the Mean-Distance classification
(87.5 %) when λ = 65.

4 Discussion

Based on the novel framework introduced in Wu and
Srivastava (2011), the study in this paper significantly
extends our investigation on statistical inferences in
the spike train space: (1) We prove that the optimal
time warping between any time spike trains exists and
it has a continuous, piecewise-linear form. This proof
provides a solid foundation for the computational al-
gorithm on the optimal warping function. (2) We pro-
pose an efficient, convergence-proven algorithm (the
MCP-algorithm) to compute the mean spike train for
any penalty coefficient λ > 0. This algorithm general-
izes the MM-algorithm where λ is assumed sufficiently
small. (3) By adopting the standard theory in
Riemannian manifold, we propose a framework to
estimate covariance of the spike trains using optimal
warping functions from each train in the set to the mean
spike train. (4) We further propose a simple Gaussian

model on the estimated mean and covariance, and
perform likelihood-based classification on simulations
as well as real experimental data.

Our long-term goal in this study is to build a new
set of statistical inference methods such as hypothesis
tests, confidence intervals, PCA, and regression in the
spike train function space. We emphasize that the new
framework is statistically data-driven and we focus on
building a mathematical representation for the neural
spike train space and generating a set of inference tools
in the space. This is different from many computational
investigations which are often motivated by real neuro-
physiological mechanisms (Abbott and Sejnowski 1999;
Dayan and Abbott 2001). The new set of tools in this
project will provide an alternative approach for spike
train analysis to the classical methods such as firing
rate models and temporal models (Rieke et al. 1997;
Brown et al. 2002; Kass et al. 2005). The new framework
is expected to be beneficial to the spike train analysis
and neural coding community. One key benefit in the
new method is that it provides a principled measure
for the variability in the entire time domain. However,
we emphasize that either of the two frameworks has its
advantages. For example, the statistical summaries (e.g.
mean and covariance) in the new framework are model
free. This, in practice, would be an advantage when
the parametric models (e.g. Poisson processes or other
point processes) can not fit the data well. In contrast,
when the model-based methods do appropriately fit the
data, they can make more detailed inferences across the
time domain (e.g. infer the dynamic process at any time
instant).

The penalty coefficient λ in dp[λ] balances the
goodness-of-matching and the degree of time warping
in measuring distance between two spike trains. An
appropriate value of λ is essentially important. Based
on the exact bound in the matching term and penalty
term (Wu and Srivastava 2011), we have provided an
empirical value range for λ when p = 1 and p = 2.
The MCP-algorithm in this paper estimates mean spike
trains for any λ > 0. However, we note that when λ is
significantly large, only moderate warpings are allowed,
which will result in very few number of spike trains
in the mean. In this case, the distance will be mainly
based on the numbers of spikes in the two trains, and
the resulting mean cannot reasonably characterize the
firing pattern in the data (e.g. as shown in Fig. 3(d)).
In contrast, if λ is too small, any time warping would
be allowed in the distance computation. The distance
between two spike trains will mainly depend on the
matching term and the information from the warping
term can be largely ignored. This will often result in
poor classification performance. For example, in the
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spike train data from motor cortex, we have show that
the classification performance is much better when λ =
65 (87.5 %) than when λ = 0.65 (28.3 %).

Based on the optimal time warping functions to
the mean, we further compute the covariance matrix
by the classical projection in the tangent space in a
Riemmanian manifold. We show that a Gaussian model
can be applied on the estimated mean and covariance,
and it provides reasonable performance on the clas-
sification in simulation as well as real data. However,
due to great number of parameters of the covariance
matrix and limited sample size, the estimation of covari-
ance often has the non-robustness issue: With number
of ISIs in mean being M, the number of parameters
in the covariance matrix is M(M + 1)/2. As the sam-
ple size N is often small (e.g. N = 30 in the motor
cortical training data), the estimation of all entries in
the covariance may be greatly overfit. In Section 3,
we observe that the classification performance by the
likelihood (when mean and covariance are used) is even
worse than that by warping distance (when only mean
is used). To address this issue, we will investigate some
constraint on the covariance. Some local structures (e.g.
banded, tapered, sparse, etc) will be examined for a
robust and accurate estimation of the covariance (and
its inverse) (Bickel and Levina 2008; Levina et al. 2008).

Note that so far the covariance is only based on the
warping functions from the mean, with the matching
term ignored. To maximize the information character-
ized by warping, it is necessary to have a small value
of λ (e.g. the covariances when λ = 0.65 provides more
details than those when λ = 0.65 in the motor cortical
data). In the future, we will investigate a more general
covariance that includes information for both warping
and matching terms. That is, we not only describe that
warping variability from any one train to the sample
mean, but also describe the unmatched spikes between
them. If such a covariance can be well formulated, we
should be able to build a generative model on the spike
trains. In that case, the spike train can be generated
from a random sample (by the covariance) starting
from the center (or mean spike train). This generative
model could have important application in cases when
real data is too complicated to be well characterized
by conventional time-based models (Rieke et al. 1997;
Brown et al. 2002; Kass et al. 2005).
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Appendix A: Existence of the optimal warping
function

We at first state one theoretical fact on the optimal time
warping on the metric dp, which is actually the same as
Lemma 1 in Wu and Srivastava (2011). We restate it
here to emphasize its importance.

Lemma 1 For p ≥ 1 and any positive dif feomorphism
γ from [a, c] to [b , d] (i.e. γ (a) = b , γ (c) = d, 0 <

γ̇ (t) < ∞), the time warping has the following optimal
cost:

inf
γ∈�

∫ c

a

∣∣1 − γ̇ (t)1/p
∣∣p

dt = ∣∣(c − a)1/p − (d − b)1/p
∣∣p

.

The inf imum is reached if the warping is linear from
[a, c] to [b , d] (i.e. γ̇ (t) = d−b

c−a ). This condition is also
necessary for any p > 1.

Based on this result, we have the following theorem
on the existence of the optimal warping function between
any two spike trains.

Theorem 1 Assume f (t) = ∑M
i=1 δ(t − ti) ∈ SM and

g(t) = ∑N
j=1 δ(t − s j) ∈ SN are two spike trains in [0, T].

Then there exists a warping function γ ∗ ∈ � f,g, such
that

dp[λ]( f, g) =
(

X([ f ], [g ◦ γ ∗])

+λ

∫ T

0

∣∣1 − γ̇ ∗(t)1/p
∣∣p

dt
)1/p

, (14)

where 1 ≤ p < ∞ and 0 < λ < ∞.

Proof For any warping function γ ∈ �, we have two
sets of spike times, [ f ] and [g ◦ γ ]. Let {al}L

l=1 be the
intersection of [ f ] and [g ◦ γ ], where L is the cardinal-
ity of {al}. This implies X([ f ], [g ◦ γ ]) = M + N − 2L.
Denoting a0 = 0 and aL+1 = T, we define a warping
function γ̃ ∈ � f,g as follows:

γ̃ (t) = γ (al) − γ (al−1)

al − al−1
(t − al−1)

+γ (al−1), if al−1 ≤ t ≤ al, l = 1, · · · , L + 1.

For illustration, we show the warping functions γ and γ̃

in Fig. 12, where γ̃ is basically a piecewise linear version
of γ by linearly connecting all grid points (al, γ (al)), l =
0, · · · , L + 1. We note that γ̃ remains the time match-
ings between {al} and {γ (al)}. This implies that

X([ f ], [g ◦ γ̃ ]) ≤ M + N − 2L = X([ f ], [g ◦ γ ]).
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Fig. 12 Any warping function γ ∈ � (green dashed line) and a
function γ̃ ∈ � f,g (blue solid line) obtained by linearly interpolat-
ing γ at the intersection of [ f ] and [g ◦ γ ]

As γ̃ is linear from [al−1, al] to [γ (al−1), γ (al)], using
Lemma 1, we have

∫ al

al−1

∣∣∣1 − ˙̃γ (t)
1/p
∣∣∣

p
dt

≤
∫ al

al−1

∣∣1 − γ̇ (t)1/p
∣∣p

dt, l = 1, · · · , L + 1.

Therefore,

X([ f ], [g ◦ γ̃ ]) + λ

∫ T

0

∣∣∣1 − ˙̃γ (t)
1/p
∣∣∣

p
dt

≤ X([ f ], [g ◦ γ ]) + λ

∫ T

0

∣∣1 − γ̇ (t)1/p
∣∣p

dt.

This indicates γ̃ ∈ � f,g provides a better time warping
to measure the distance between f and g than γ . Note
that the set � f,g is f inite. This implies that,

inf
γ∈�

(
X([ f ], [g ◦ γ ]) + λ

∫ T

0

∣∣1 − γ̇ (t)1/p
∣∣p

dt
)1/p

= min
γ∈� f,g

(
X([ f ], [g ◦ γ ]) + λ

∫ T

0

∣∣1 − γ̇ (t)1/p
∣∣p

dt
)1/p

.

Therefore, there exists γ ∗ ∈ � f,g ⊂ �, such that

dp[λ]( f, g) =
(

X([ f ], [g ◦ γ ∗])

+λ

∫ T

0

∣∣1 − γ̇ ∗(t)1/p
∣∣p

dt
)1/p

.

��

Appendix B: Convergence of the MCP-algorithm

Theorem 2 Denote the estimated mean in the jth iter-
ation of the MCP-algorithm as S( j). Then the sum of
squared distances

∑N
i=1 d2(Si, S( j))2 decreases iteratively.

That is,

N∑

i=1

d2
(
Si, S( j+1)

)2 ≤
N∑

i=1

d2
(
Si, S( j))2

.

Proof In the jth iteration, we at first perform the
Matching Step and found the optimal warping γi from
Si to S( j), i = 1, · · · , N. That is,

d2
(
Si, S( j))2 = X

([
Si ◦ γi

]
,
[
S( j)])+ λ

∣∣∣
∣∣∣1 −√

γ̇i

∣∣∣
∣∣∣
2
.

Then, we perform the Centering Step to compute the
extrinsic mean of warping functions {γi}N

i=1. As shown in
Section 2.2, the mean warping function, γ̄ , of {γi}N

i=1 is
also piecewise linear and its SRVF has the closed form
given by Eq. (6). By the definition of the extrinsic mean,
we have

N∑

i=1

∣∣∣∣1 − √
γi
∣∣∣∣2 ≥

N∑

i=1

∣∣∣∣

∣∣∣∣
√

˙̄γ −√
γ̇i

∣∣∣∣

∣∣∣∣
2

=
N∑

i=1

∣∣∣
∣∣∣1 −

√
γi◦̇γ̄ −1

∣∣∣
∣∣∣
2

We then apply γ̄ −1 to both Si ◦ γi and S( j). In this
operation, the spikes in both trains are moved with the
same warping function. Using the definition of the d2

metric, we have

N∑

i=1

d2
(
Si, S( j) ◦ γ̄ −1)2

≤
N∑

i=1

X
([

Si ◦ (γi ◦ γ̄ −1)] ,
[
S( j) ◦ γ̄ −1])

+ λ

∣∣∣
∣∣∣1 −

√
γi◦̇γ̄ −1

∣∣∣
∣∣∣
2
.

One can easily verify that

X
([

Si ◦ γi
]
,
[
S( j)]) = X

([
Si ◦ γi ◦ γ̄ −1] ,

[
S( j) ◦ γ̄ −1]) .
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Therefore,

N∑

i=1

d2
(
Si, S( j) ◦ γ̄ −1)2 ≤

N∑

i=1

X
([

Si ◦ γi
]
,
[
S( j)])

+ λ

∣∣∣
∣∣∣1 −√

γ̇i

∣∣∣
∣∣∣
2

=
N∑

i=1

d2
(
Si, S( j))2

.

Next, we perform the Pruning Step and update the

number of spikes in the mean. [ ˜S( j) ◦ γ̄ −1] is the set
of spikes in [S( j) ◦ γ̄ −1] that appear more than N/2
times in {[Si ◦ γi ◦ γ̄ −1]}. Base on the definition of the
d2 metric, we have

N∑

i=1

d2

(
Si,

˜S( j) ◦ γ̄ −1
)2

≤
N∑

i=1

X
([

Si ◦ (γi ◦ γ̄ −1)] ,
[

˜S( j) ◦ γ̄ −1
])

+ λ

∣∣∣
∣∣∣1 −

√
γi◦̇γ̄ −1

∣∣∣
∣∣∣
2
.

Using the basic rule of the Exclusive OR, it is easy to
find that

N∑

i=1

X
([

Si ◦ (γi ◦ γ̄ −1)] ,
[

˜S( j) ◦ γ̄ −1
])

≤
N∑

i=1

X
([

Si ◦ (γi ◦ γ̄ −1)] ,
[
S( j) ◦ γ̄ −1]) .

Therefore,

N∑

i=1

d2

(
Si,

˜S( j) ◦ γ̄ −1
)2

≤
N∑

i=1

X
([

Si ◦ (γi ◦ γ̄ −1)] ,
[
S( j) ◦ γ̄ −1])

+ λ

∣∣∣
∣∣∣1 −

√
γi◦̇γ̄ −1

∣∣∣
∣∣∣
2 ≤

N∑

i=1

d2
(
Si, S( j))2

Finally, we test whether one spike in [ ˜S( j) ◦ γ̄ −1] that
appears the minimal number of times in {[Si ◦ γi ◦ γ̄ −1]}
can be removed.

(i) If the spike can be removed, the remaining set

of spikes is denoted as [ ˜S( j) ◦ γ̄ −1
−
]. This is un-

der the condition that
∑N

i=1 d2(Si,
˜S( j) ◦ γ̄ −1

−
)2 ≤

∑N
i=1 d2(Si,

˜S( j) ◦ γ̄ −1)2. In this case, we update

the mean spike train S( j+1) = ˜S( j) ◦ γ̄ −1
−

, and the
number of spikes in the mean n = |S( j+1)|. In this
case, we have

N∑

i=1

d2
(
Si, S( j+1)

)2 =
N∑

i=1

d2

(
Si,

˜S( j) ◦ γ̄ −1
−)2

≤
N∑

i=1

d2

(
Si,

˜S( j) ◦ γ̄ −1
)2

≤
N∑

i=1

d2
(
Si, S( j))2

(ii) If the spike cannot he removed, we update the

mean spike train S( j+1) = ˜S( j) ◦ γ̄ −1, and the num-
ber of spikes in the mean n = |S( j+1)|. In this case,
we also have

N∑

i=1

d2
(
Si, S( j+1)

)2 =
N∑

i=1

d2

(
Si,

˜S( j) ◦ γ̄ −1
)2

≤
N∑

i=1

d2
(
Si, S( j))2

.

In summary, we have shown that the sum of squared
distances

∑N
i=1 d2(Si, S( j))2 decreases iteratively. ��
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